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7KH SHUIRUPDQFH RI OLQHDU FRQWURO ODZV IRU VDWHOOLWH IRUPDWLRQð
NHHSLQJ LQ WKH SUHVHQFH RI JUDYLW\ SHUWXUEDWLRQV LV FRQVLGHUHGï
&RQWURO XVLQJ D OLQHDU TXDGUDWLF UHJXODWRU WR PLQLPL]H WKH HUð
URU EHWZHHQ WKH DFWXDO DQG GHVLUHG UHODWLYH VDWHOOLWH PRWLRQ
LV DVVHVVHG IRU LWV DELOLW\ WR PDLQWDLQ D SDUWLFXODU IRUPDWLRQ
JHRPHWU\ LQ WKH SUHVHQFH RI WKH HDUWK REODWHQHVV JUDYLW\ SHUð
WXUEDWLRQï 7KH GHVLUHG IRUPDWLRQ JHRPHWU\ LV EDVHG RQ WKH
VROXWLRQ WR WKH OLQHDUñ XQSHUWXUEHG UHODWLYH PRWLRQ HTXDWLRQVï
6SHFLnFDOO\ñ D IRUPDWLRQ RI VDWHOOLWHV LV FKRVHQ ZKRVH SURMHFWHG
PRWLRQ RQWR WKH HDUWKöV WDQJHQWLDO SODQH LV D RQH NLORPHWHU
FLUFOHï ,W LV VKRZQ WKDW WKH OLQHDU FRQWURO ODZV PDLQWDLQ WKH
IRUPDWLRQ ZLWKLQ HUURU ERXQGV LQ WKH SUHVHQFH RI JUDYLW\ SHUð
WXUEDWLRQVï )XUWKHUPRUHñ VLPXODWLRQV SURYLGH HVWLPDWHV RI WKH
PDQHXYHULQJ SURSHOODQW UHTXLUHG WR PDLQWDLQ VXFK D IRUPDð
WLRQñ SURYLGLQJ D EDVHOLQH IRU IXWXUH VWXGLHV LQYROYLQJ IRUPDð
WLRQV EDVHG RQ OHVV WD[LQJ GHVLUHG WUDMHFWRULHV DQG PRUH FDUHð
IXOO\ FKRVHQ FRQWURO VWUDWHJLHVï

ì ,QWURGXFWLRQ

)O\LQJ D FORVH IRUPDWLRQ RI VHYHUDO VDWHOOLWHV IRU GLVWULEXWHG
VSDFH RSHUDWLRQV KDV UHFHQWO\ EHFRPH D WRSLF RI VLJQLnFDQW
LQWHUHVWï 7KH LGHD RI XVLQJ VHYHUDO VPDOOñ XQFRQQHFWHGñ FRð
RUELWLQJ VDWHOOLWHV WR IRUP D VSDUVH DSHUWXUH UDWKHU WKDQ XVLQJ
D VLQJOH PRQROLWKLF VDWHOOLWH KDYLQJ D VLQJOH nOOHG DSHUWXUH KDV
PDQ\ DGYDQWDJHV DV ZHOO DV PDQ\ WHFKQLFDO FKDOOHQJHVï 7KH
UHVROXWLRQ RI DQ LPDJLQJ VHQVRU LV OLPLWHG E\ WKH PD[LPXP
DFKLHYDEOH EDVHOLQH RU DSHUWXUH VL]Hñ VR WKDW D VLQJOH nOOHG
DSHUWXUH VHQVRU LV OLPLWHG E\ SK\VLFDO VL]H DQG ZHLJKW FRQVLGð
HUDWLRQVï 0HDQZKLOHñ ODUJHU EDVHOLQHV FDQ EH DFKLHYHG XVLQJ D
VDWHOOLWH IRUPDWLRQ WR IRUP D ODUJH VSDUVH DSHUWXUH VLPSO\ E\
LQFUHDVLQJ WKH IRUPDWLRQ VL]Hï +HQFHñ WKH IRUPDWLRQ LV FDSDEOH
RI PXFK nQHU UHVROXWLRQ WKDQ ZRXOG EH SRVVLEOH RWKHUZLVHï ,Q
DGGLWLRQñ VPDOOHU VDWHOOLWHV DUH PXFK HDVLHU WR SXW LQWR RUELWñ
DQG VR VDYH RQ ODXQFK FRVWVï )LQDOO\ñ VLQFH WKH GLVWULEXWHG
VDWHOOLWHV FDQ EH UHFRQnJXUHG LQWR IRUPDWLRQV RI GLmHUHQW JHð
RPHWULHVñ D VLQJOH IRUPDWLRQ RI VDWHOOLWHV FDQ EH PDGH WR SHUð
IRUP D YDULHW\ RI GLmHUHQW PLVVLRQVï
7KH nUVW SDUW RI WKH IRUPDWLRQNHHSLQJ SUREOHP LV WR nQG

D IRUPDWLRQ JHRPHWU\ WKDW PHHWV WKH UHTXLUHPHQWV RI WKH GHð
VLUHG PLVVLRQ DQG UHTXLUHV D UHDVRQDEOH DPRXQW RI PDQHXYHUð
LQJ SURSHOOHQW WR RYHUFRPH GLVWXUEDQFHV DQG SHUWXUEDWLRQV LQ
PDLQWDLQLQJ WKH IRUPDWLRQ JHRPHWU\ï )RUPDWLRQV EDVHG RQ
WKH &ORKHVV\ð:LOWVKLUHñ RU +LOOöVñ HTXDWLRQV >ê@ñ ZKLFK \LHOG
FORVHG SHULRGLF VROXWLRQV IRU WKH OLQHDUñ XQSHUWXUEHG UHODWLYH
PRWLRQñ SURYLGH D VWDUWLQJ SRLQWï 6XFK IRUPDWLRQV ZRXOG
PDLQWDLQ WKHLU JHRPHWU\ LQGHnQLWHO\ LQ WKH DEVHQFH RI SHUWXUð
EDWLRQV DQG GLVWXUEDQFHVï 7KHVH IRUPDWLRQV KDYH EHHQ FRQð
VLGHUHG E\ >å@ï
7KH KLJK RUGHU RUELWDO G\QDPLFV LQFOXGH VLJQLnFDQW SHUWXUð

EDWLRQVñ WKH PRVW LPSRUWDQW GLmHUHQFH EHLQJ WKH HDUWK JUDYð
LW\ KDUPRQLFVï 7KH nUVW KDUPRQLFñ WKH -ë RU HDUWK REODWHQHVV
WHUPñ FDXVHV WKH ODUJHVW SHUWXUEDWLRQ LQ WKH PRWLRQñ DQG LV
WKHUHIRUH WKH PRVW LPSRUWDQW WHUP WR FRQVLGHUï 2UELWV WKDW
DUH FORVHG LQ WKH SUHVHQFH RI WKH -ë SHUWXUEDWLRQ KDYH DOVR

EHHQ FRQVLGHUHG LQ >ä@ñ DOWKRXJK WKHVH PD\ QRW EH IHDVLEOH IRU
DOO PLVVLRQVï ,Q JHQHUDOñ FORVHG RUELWV PD\ QRW EH DYDLODEOH
IRU D VSHFLnF PLVVLRQñ DQG LQ DQ\ FDVH ZLOO QRW FRQVLGHU DOO
WKH JUDYLWDWLRQDO SHUWXUEDWLRQVñ VR WKDW IHHGEDFN FRQWURO ZLOO
DOZD\V EH UHTXLUHGï
$IWHU D VXLWDEOH IRUPDWLRQ KDV EHHQ GHVLJQHGñ WKH RSWLPDO

FRQWURO ODZ WKDW XVHV DQ RSWLPDO DPRXQW RI SURSHOODQW IRU WKDW
IRUPDWLRQ PXVW EH IRXQGï /LQHDU TXDGUDWLF FRQWURO ODZV KDYH
EHHQ FRQVLGHUHG E\ VHYHUDO UHVHDUFKHUV >ìñ éñ æñ ìëñ ìé@ï ,Q
WKHVH FDVHVñ WKH XQSHUWXUEHG G\QDPLFV ZHUH GLVFUHWL]HG DQG
GLVFUHWHðWLPH OLQHDU TXDGUDWLF UHJXODWRUV ZHUH IRXQG WR VWDð
ELOL]H WKH UHODWLYH PRWLRQ G\QDPLFV DQG SURYLGH IRUPDWLRQð
NHHSLQJ IRU VLPSOH IRUPDWLRQVï 2WKHU FRQWURO ODZV KDYH EHHQ
FRQVLGHUHG LQ >èñ çñ ìíñ ììñ ìê@ï
7KH JRDO RI WKLV SDSHU LV WR DSSO\ D FRQWURO VWUDWHJ\ EDVHG

RQ WKH OLQHDU UHODWLYH PRWLRQ RU +LOOöV HTXDWLRQV WR D SDUWLFXODU
VDWHOOLWH IRUPDWLRQ DQG HYDOXDWH WKH SHUIRUPDQFH LQ WKH SUHVð
HQFH RI JUDYLW\ SHUWXUEDWLRQVï 7KH IRUPDWLRQ FRQVLGHUHG ZLOO
FRQVLVW RI D ULQJ RI VDWHOOLWHV ZKRVH SURMHFWLRQ RQWR WKH WDQð
JHQWLDO SODQH LV D RQH NLORPHWHU FLUFOHï )LQDOO\ñ WKH DPRXQW RI
PDQHXYHULQJ SURSHOODQW UHTXLUHG ZLOO EH DVVHVVHG WR SURYLGH D
EDVHOLQH IRU IXWXUH VWXGLHVñ ZKHUH ERWK EHWWHU GHVLUHG WUDMHFWRð
ULHV DQG PRUH DGYDQFHG FRQWURO VWUDWHJLHV ZLOO EH FRQVLGHUHGï

ë 5HODWLYH 0RWLRQ '\QDPLFV

7KH G\QDPLFV RI D VDWHOOLWH IRUPDWLRQ FDQ EH GHVFULEHG LQ
WHUPV RI WKH UHODWLYH SRVLWLRQV DQG YHORFLWLHV RI WKH FRQVWLWXHQW
VDWHOOLWHVï 7KH GHVFULSWLRQ RI PRWLRQ LV PRVW FRQYHQLHQW ZKHQ
LW LV UHIHUUHG WR D PRYLQJ IUDPH DWWDFKHG WR RQH RI WKH VDWHOð
OLWHV LQ WKH IRUPDWLRQï 7KH HTXDWLRQV RI UHODWLYH PRWLRQ EHð
WZHHQ WZR RUELWLQJ VDWHOOLWHV ZHUH GHULYHG LQLWLDOO\ WR VROYH WKH
SUREOHP RI RUELWDO UHQGH]YRXVñ LQ ZKLFK D VDWHOOLWH ZDV WR EH
DVVHPEOHG LQ RUELW DQG WKH FRPSRQHQWV ZHUH UHTXLUHG WR UHQð
GH]YRXV LQ VHTXHQFH IRU DVVHPEO\ >ê@ï 7KHVH VDPH HTXDWLRQV
DUH DOVR TXLWH XVHIXO LQ WKH GHVLJQ RI VDWHOOLWH IRUPDWLRQ JHRPHð
WULHV DQG FRQWURO ODZV WR PDLQWDLQ WKHVH IRUPDWLRQVï ,Q WKLV
VHFWLRQ ZH ZLOO UHYLHZ WKH UHODWLYH PRWLRQ G\QDPLFV RI WZR
VDWHOOLWHV RUELWLQJ FORVH WRJHWKHU DQG JLYH D EULHI GHVFULSWLRQ
RI WKHLU GHULYDWLRQï
&RQVLGHU WZR VDWHOOLWHV LQ RUELW DURXQG D VSKHULFDO HDUWKï

/HW WKH nUVW VDWHOOLWH KDYH SRVLWLRQ xU UHODWLYH WR WKH FHQWHU RI
WKH HDUWK DQG OHW WKH VHFRQG KDYH SRVLWLRQ x| UHODWLYH WR WKH
nUVW VR WKDW LWV SRVLWLRQ UHODWLYH WR WKH HDUWKöV FHQWHU LV xUò x|ï
7KH PRWLRQV RI WKH VDWHOOLWHV DUH JLYHQ E\
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GLmHUHQFH RI WKHVH HTXDWLRQV \LHOGV
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1RZñ DVVXPH WKDW WKH OHDGHU VDWHOOLWH LV LQ D FLUFXODU RUELW VR
WKDW U LV FRQVWDQW DQG WKDW WKHUH DUH QR H[WHUQDO GLVWXUEDQFHV
RU SHUWXUEDWLRQV DFWLQJ RQ WKH VDWHOOLWHVï &RQVLGHU D PRYLQJ
FRRUGLQDWH V\VWHP DWWDFKHG WR WKH OHDGHU VDWHOOLWH ZKHUH Â LV
LQ WKH UDGLDO GLUHFWLRQñ A_ LV LQ WKH GLUHFWLRQ RI WKH PRWLRQñ DQG
AN LV QRUPDO WR WKH RUELWDO SODQHï /HWWLQJ WKH UHODWLYH SRVLWLRQ

YHFWRU EH ZULWWHQ DV |  [Âò \A_ò ]AN DQG UHVROYLQJ WKH YHFWRU
UHODWLYH PRWLRQ HTXDWLRQ DERYH LQWR FRPSRQHQWV \LHOGV
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$VVXPLQJ WKDW WKH GLVWDQFH EHWZHHQ WKH VDWHOOLWHV LV VPDOO DQG
QRWLQJ WKDW üë  x

Uê
ñ WKH HTXDWLRQV FDQ EH OLQHDUL]HG WR \LHOG
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7KHVH DUH WKH &ORKHVV\ð:LOWVKLUH RU +LOOöV HTXDWLRQV RI UHODWLYH
RUELWDO PRWLRQ >ê@ï
7KH FORVHGðIRUP VROXWLRQ WR +LOOöV HTXDWLRQV õìôðõêô LV JLYHQ
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1RWLQJ WKDW WKH WKLUG WHUP RI \õWô JURZV XQERXQGHG DV WLPH
LQFUHDVHVñ WKH FRQVWUDLQW ëü[õíô ò B\õíô  í HQIRUFHV WKDW WKH
IROORZHU GRHV QRW GULIW DZD\ IURP WKH OHDGHUñ HmHFWLYHO\ VHWð
WLQJ WKH WRWDO HQHUJLHV RI WKH WZR RUELWV HTXDOï 7KH UHVXOWLQJ
PRWLRQ LQ WKH PRYLQJ FRRUGLQDWH IUDPH DWWDFKHG WR WKH OHDGHU
LV DQ HOOLSVH ZKRVH SURMHFWLRQ LQ WKH RUELW SODQH LV DQ HOOLSVH
KDYLQJ D VHPLðPDMRU D[LV WZLFH LWV VHPLðPLQRU D[LVï )XUWKHUð
PRUHñ VHWWLQJ
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,W KDV EHHQ VKRZQ LQ >ìè@ WKDW WKH PRWLRQ LQ JHQHUDO FDQ EH
GHVFULEHG DV WKH LQWHUVHFWLRQ RI D SODQH DQG DQ HOOLSWLF F\OLQð
GHUï
7KH UHODWLYH PRWLRQ HTXDWLRQV õìôðõêô DUH IRU WKH XQSHUð

WXUEHG WZRðERG\ PRWLRQï +HUHñ ZH FRQVLGHU WKH SHUIRUPDQFH
RI FRQWURO VWUDWHJLHV LQ WKH SUHVHQFH RI WKH nUVW HDUWK JUDYLW\
KDUPRQLFñ WKH -ë SHUWXUEDWLRQñ DV ZHOO DV KLJKHU RUGHU JUDYLW\
SHUWXUEDWLRQVï 7KH SULPDU\ HmHFWV RI -ë DUH WR URWDWH ERWK
WKH RUELW SODQH DQG WKH RUELW ZLWKLQ WKH PRYLQJ SODQHï 7KH
UHODWLYH PRWLRQ RI FORVHO\ RUELWLQJ VDWHOOLWHV ZLOO YDU\ IURP WKH
+LOOöV HTXDWLRQV VROXWLRQV GXH WR WKH GLmHUHQWLDO SHUWXUEDWLRQV
RQ HDFK RI WKH VDWHOOLWHVñ DQG ZLOO WHQG WR GLVSHUVH WKH IRUPDð
WLRQ RYHU WLPHï

ê )RUPDWLRQ 'HVLJQ

7KH UHODWLYH PRWLRQ HTXDWLRQV GHULYHG LQ WKH SUHYLRXV VHFWLRQ
FDQ EH XVHG WR GHVLJQ IRUPDWLRQV IRU GLVWULEXWHG VDWHOOLWHVï ,Q
>å@ñ WKH VROXWLRQV WR WKHVH HTXDWLRQV ZHUH XVHG WR GHnQH IRXU
IRUPDWLRQVã LQðWUDFNñ LQðSODQHñ FLUFXODUñ DQG SURMHFWHG FLUFXð
ODUï ,Q WKH nUVW WZRñ D OHDGHU VDWHOOLWH RUELWV DKHDG RI D IROð
ORZHU VDWHOOLWHï 7KH LQðWUDFN IRUPDWLRQ KDV D IROORZHU VDWHOOLWH
LQ WKH VDPH RUELW ZKLOH WKH LQðSODQH IRUPDWLRQ KDV D IROORZHU
LQ D VOLJKWO\ GLmHUHQW RUELW WR WR DFFRXQW IRU WKH URWDWLRQ RI WKH
HDUWK DQG JLYH WKH WZR WKH VDPH JURXQG WUDFNï ,Q WKH VHFRQG
WZRñ D OHDGHU VDWHOOLWH LV VXUURXQGHG E\ DQ DUELWUDU\ QXPEHU
RI IROORZHU VDWHOOLWHV KDYLQJ WKH VDPH RUELWDO SHULRGï 6PDOO
GLmHUHQFHV LQ LQFOLQDWLRQ DQG DVFHQGLQJ QRGH FURVVLQJV FDXVH
WKH IROORZHU VDWHOOLWHV WR DSSHDU WR URWDWH LQ VXERUELWV DURXQG
WKH OHDGHU VDWHOOLWH LQ WKH PRYLQJ FRRUGLQDWH IUDPH DWWDFKHG
WR WKH OHDGHUï 7KH FLUFXODU IRUPDWLRQ KDV DOO RI WKH IROORZHU
VDWHOOLWHV DUUDQJHG LQ D FLUFOH ZKLOH WKH SURMHFWHG FLUFXODU IRUð
PDWLRQ KDV DOO RI WKH IROORZHUV LQ DQ HOOLSVH ZKRVH SURMHFWLRQ
RQWR WKH WDQJHQWLDO SODQH LV D FLUFOHï %RWK RI WKHVH DUH VSHFLDO
FDVHV RI WKH JHQHUDO HOOLSWLFDO VKDSH RI WKLV W\SH RI IRUPDWLRQï
:H FRQVLGHU D SURMHFWHG FLUFXODU IRUPDWLRQ RI VDWHOOLWHVï

7KH OHDGHU VDWHOOLWH LV DVVXPHG WR EH LQ D SRODUñ FLUFXODU RUELW
DW åííNP DOWLWXGHï 7KH SURMHFWLRQ RI WKH IRUPDWLRQöV PRWLRQ
RQWR WKH HDUWKöV WDQJHQWLDO SODQH LV D RQH NLORPHWHU FLUFOHï
$ SORW RI WKH GHVLUHG WUDMHFWRU\ LV VKRZQ LQ )LJXUH ì ZLWK
SURMHFWLRQV RQWR HDFK RI WKH WKUHH SODQHVï 7KH LQLWLDO RUELWDO
HOHPHQWV DUH JLYHQ LQ 7DEOH ì IRU WKH UHIHUHQFH VDWHOOLWH DQG
IRXU VDWHOOLWHV HTXDOO\ GLVWULEXWHG DURXQG WKH HOOLSVHï 7KH DQð
JOH t LV XVHG WR UHSUHVHQW WKH LQLWLDO SKDVLQJï 1RWH WKDW WZR
RI WKH VDWHOOLWHV GLmHU IURP WKH UHIHUHQFH E\ WKHLU LQFOLQDWLRQ
L ZKLOH WKH RWKHU WZR GLmHU E\ WKHLU DVFHQGLQJ QRGH FURVVLQJ
lï
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7DEOH ìã 2UELWDO (OHPHQWV RI )RUPDWLRQ

7KH SURMHFWHG FLUFXODU IRUPDWLRQ LV GHVLJQHG EDVHG RQ WKH
OLQHDU VROXWLRQV WR WKH UHODWLYH PRWLRQ HTXDWLRQV õæôðõäôñ DQG
KHQFH LV DQ DSSUR[LPDWLRQ WR WKH WUXH RUELWDO G\QDPLFVï ,Q
SDUWLFXODUñ WKH QRQOLQHDULWLHV DQG WKH RUELWDO SHUWXUEDWLRQV
ZLOO OHDG WR GLmHUHQW UHODWLYH PRWLRQ G\QDPLFV WKDQ GHVFULEHG
E\ WKH OLQHDU HTXDWLRQVï 7R VHH WKLVñ ZH FDQ LQLWLDOL]H WKH IRUð
PDWLRQ DQG SHUIRUP QRQOLQHDU VLPXODWLRQV ZLWK DQG ZLWKRXW
WKH -ë JUDYLW\ SHUWXUEDWLRQï
)LUVWñ FRQVLGHU WKH XQSHUWXUEHG UHODWLYH PRWLRQ RI WKH VDWHOð

OLWH ZLWK LQLWLDO SKDVLQJ t  í ZLWK QR H[WHUQDO GLVWXUEDQFHV
RU SHUWXUEDWLRQVï 7KH SURMHFWHG PRWLRQ RYHU RQH GD\ LV VKRZQ
LQ )LJXUH ëï 7KH SURMHFWHG PRWLRQ LV DV H[SHFWHGñ VLQFH WKH
QRQOLQHDULWLHV IRU D RQH NLORPHWHU IRUPDWLRQ DUH YHU\ VPDOOï
7KH HUURUV LQ SRVLWLRQ FRPH IURP WKH QRQOLQHDULW\ RI WKH RUð
ELWDO G\QDPLFVñ DUH VPDOOñ DQG RQ DYHUDJH GR QRW JURZ ZLWK
WLPHï
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)LJXUH ëã 3URMHFWLRQ RI 8QSHUWXUEHG 0RWLRQ

1H[Wñ FRQVLGHU WKH UHODWLYH PRWLRQ RI WKH VDPH VDWHOOLWH LQ
WKH SUHVHQFH RI WKH nUVW JUDYLW\ KDUPRQLF RU -ë SHUWXUEDWLRQï
7KH SURMHFWHG PRWLRQ RYHU RQH GD\ LV VKRZQ LQ )LJXUH êï (YHQ
RYHU D SHULRG RI MXVW RQH GD\ WKH SURMHFWHG PRWLRQ GULIWV QRð
WLFHDEO\ DQG WKH HUURUV LQ WKH UHODWLYH PRWLRQ DUH VLJQLnFDQWï
)LQDOO\ñ WKH VLPXODWLRQ ZDV SHUIRUPHG XVLQJ D JHRSRWHQWLDO
PRGHO WR GHJUHH DQG RUGHU ëìï 7KH UHVXOW ZDV QRW SHUFHSWLð
EOH GLmHUHQW IURP WKH FDVH RI -ë DORQHñ FRQnUPLQJ WKDW LW LV
WKH PRVW VLJQLnFDQW SHUWXUEDWLRQï 1RWH WKDW WKH LQLWLDO SKDVH
RI WKH VDWHOOLWH LQ WKH ULQJ DURXQG WKH OHDGHU ZLOO DmHFW WKH
PRWLRQï 6SHFLnFDOO\ñ WKH VDWHOOLWHV ZKRVH DVFHQGLQJ QRGHV DUH
GLmHUHQW IURP WKH OHDGHU EHKDYH GLmHUHQWO\ IURP WKRVH ZKRVH
LQFOLQDWLRQV DUH GLmHUHQWï 7KH UHVXOW IRU HLWKHU FDVH LV IRU WKH
IRUPDWLRQ WR GLVSHUVHñ DQG D FRQWURO VWUDWHJ\ ZLOO EH UHTXLUHG
WR PDLQWDLQ WKH UHODWLYH JHRPHWU\ RI WKH IRUPDWLRQï

é )RUPDWLRQNHHSLQJ &RQWURO

7KH SURMHFWHG FLUFXODU IRUPDWLRQ GHnQHG LQ WKH SUHYLRXV VHFð
WLRQ ZDV GHULYHG XVLQJ WKH OLQHDU UHODWLYH PRWLRQ HTXDWLRQV IRU
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)LJXUH êã 3URMHFWLRQ RI 0RWLRQ ZLWK -ë

WKH WZRðERG\ SUREOHPï +HQFHñ IRU VLPSOH WZRðERG\ RUELWDO
G\QDPLFVñ WKH IRUPDWLRQ ZLOO EH PDLQWDLQHG LQGHnQLWHO\ RQFH
WKH FRUUHFW LQLWLDO FRQGLWLRQV DUH PHWï 8QIRUWXQDWHO\ñ JUDYð
LW\ SHUWXUEDWLRQV IURP HDUWK DVSKHULFLW\ñ DWPRVSKHULF GUDJñ
DQG VRODU UDGLDWLRQ SUHVVXUH DOO WHQG WR SHUWXUE WKH RUELWV
IURP WKHLU VLPSOH HOOLSWLFDO VKDSHV SUHGLFWHG IURP WZRðERG\
G\QDPLFVï +HQFHñ FRQWURO IRUFHV ZLOO KDYH WR EH DSSOLHG WR
PDLQWDLQ WKH UHODWLYH GLVWDQFHV RI WKH IRUPDWLRQï
7UDGLWLRQDO VDWHOOLWH RSHUDWLRQV FRQVLVW RI ORQJ SHULRGV RI XQð

FRQWUROOHG EHKDYLRU LQWHUUXSWHG E\ VPDOO FRUUHFWLRQV WR RUELWVï
7KLV FDQ EH HmHFWLYH VLQFH FRDUVH VDWHOOLWH SRVLWLRQLQJ UHTXLUHð
PHQWV FDQ EH DFKLHYHG WKURXJK RSHQ ORRS EHKDYLRU ZLWK VPDOO
RFFDVLRQDO FRUUHFWLRQVï +RZHYHUñ IRUPDWLRQ o\LQJ ZLOO UHTXLUH
PXFK PRUH GHPDQGLQJ SRVLWLRQLQJ UHTXLUHPHQWVñ DQG KHQFH
ZLOO UHTXLUH PXFK PRUH VWULQJHQW FRQWUROï
8QOLNH LQ PRVW FRQWURO SUREOHPVñ WKH DSSOLFDWLRQ RI IRUFHV

WR VDWHOOLWHV WR FKDQJH WKHLU RUELWV FDQ RQO\ EH PDGH RYHU
YHU\ VKRUW SHULRGV RI WLPHâ WKH UHPDLQGHU RI WKH WLPH WKH
VDWHOOLWH PRWLRQ HYROYHV QDWXUDOO\ï 7KLV LV EHFDXVH PDQHXYHUð
LQJ SURSHOODQW LV VFDUFH DQG FDQQRW EH UHSOHQLVKHGñ FKHPLFDO
WKUXVWHUV FXUUHQWO\ DYDLODEOH DV ZHOO PRUH DGYDQFHG SURSXOð
VLRQ V\VWHPV VXFK DV SXOVH SODVPD WKUXVWHUV DUH GHVLJQHG WR
ZRUN IRU OLPLWHG SHULRGVñ DQG WKUXVWLQJ WHQGV WR GLVUXSW VDWHOð
OLWH RSHUDWLRQVï )RU WKHVH UHDVRQVñ VDWHOOLWH FRQWURO LQSXWV FDQ
EH PRGHOHG DV LPSXOVLYH FKDQJHV WR WKH VDWHOOLWHVö YHORFLWLHVï
,Q WKLV VHFWLRQñ ZH DSSO\ VWDWH IHHGEDFNñ OLQHDU TXDGUDWLF

FRQWURO WR WKH IRUPDWLRQNHHSLQJ SUREOHP GHVFULEHG LQ WKH SUHð
YLRXV VHFWLRQVï 6LQFH WKH LQðSODQH DQG RXWðRIðSODQH PRWLRQV
DUH OLQHDUO\ GHFRXSOHGñ WKH IHHGEDFN JDLQV FDQ EH GHVLJQHG
VHSDUDWHO\ï 7KH G\QDPLF PRGHO RI WKH UHODWLYH PRWLRQ õìôðõêô
LV ZULWWHQ DV D VHW RI nUVW RUGHU HTXDWLRQV DQG GLVFUHWL]HGï
,Q WKLV FDVHñ WR LPSURYH WKH DFFXUDF\ RI WKH PRGHOñ WKH IUHð
TXHQF\ RI WKH VDWHOOLWH PRWLRQ ü LV FRUUHFWHG WR DFFRXQW IRU
WKH -ë SHUWXUEDWLRQï 7KH FRQWURO LQSXWV DUH FKRVHQ WR EH WKH
LPSXOVLYH YHORFLW\ LQFUHPHQWV õc B[âc B\âc B]ô DQG WKH VDPSOLQJ
WLPH LV FKRVHQ WR EH RQH KRXUï +HQFHñ DQ LPSXOVLYH YHORFLW\
FRUUHFWLRQ LV FRPSXWHG DQG DSSOLHG HDFK KRXUï 8VLQJ VWDQð



GDUG GLVFUHWHðWLPH /4 UHJXODWRU WKHRU\ñ IHHGEDFN JDLQV DUH
IRXQG WR PLQLPL]H WKH TXDGUDWLF FRVWV
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)LJXUH èã 7UDFNLQJ (UURU ZLWK /45 DQG -ë

7KH FORVHG ORRS EHKDYLRU LV VLPXODWHG XVLQJ WKH /4 IHHGð
EDFN JDLQV DQG WKH RUELWDO G\QDPLFV LQFOXGLQJ WKH -ë SHUWXUð
EDWLRQï 7KH GHVLUHG WUDMHFWRU\ IRU WKH WUDFNLQJ SUREOHP LV WKH
VROXWLRQ õæôðõäôñ ZLWK üW UHSODFHG E\ WKH DUJXPHQW RI ODWLWXGH
RI WKH OHDGHU VDWHOOLWH VR WKDW VPDOO HUURUV LQ WKH RUELWDO IUHð
TXHQF\ GR QRW FUHDWH HUURUV LQ WKH GHVLUHG SRVLWLRQ WKDW EXLOG

XS RYHU WLPHï 7KH SURMHFWHG PRWLRQñ WUDFNLQJ HUURUñ DQG LPð
SXOVLYH FRQWURO LQSXWV DUH VKRZQ IRU WKH FDVH RI |  ìíí IRU
WKH VDWHOOLWH ZLWK LQLWLDO SKDVH DQJOH RI äí GHJUHHV LQ )LJXUHV
éðçï 7KH WUDFNLQJ HUURU LV OLPLWHG WR DERXW èí PHWHUVï
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)LJXUH çã c9 ZLWK /45 DQG -ë

7R VHH WKH WUDGHRm EHWZHHQ WUDFNLQJ HUURU DQG IXHO XVDJHñ
WKH SDUDPHWHU | LQ WKH FRVW IXQFWLRQ LV YDULHG DQG WKH FORVHG
ORRS VDWHOOLWH EHKDYLRU LV DJDLQ VLPXODWHG LQFOXGLQJ WKH -ë SHUð
WXUEDWLRQñ QRZ IRU WKH VDWHOOLWH KDYLQJ GLmHUHQW LQLWLDO SKDVH
DQJOHV tï %HFDXVH RI V\PPHWU\ñ WKH VDWHOOLWHV KDYLQJ PD[Lð
PXP QRGH GLmHUHQFHV KDG VLPLODU SHUIRUPDQFHñ DV GLG WKRVH
KDYLQJ PD[LPXP LQFOLQDWLRQ GLmHUHQFHVï ,Q HDFK FDVHñ WKH
PD[LPXP HUURUV DQG WKH c9 SHU GD\ UHTXLUHG WR PDLQWDLQ
WKH IRUPDWLRQ ZHUH HVWLPDWHG XVLQJ WKH VLPXODWLRQï 7KH UHð
VXOWV DUH VKRZQ LQ )LJXUHV æ DQG å DQG WDEXODWHG LQ 7DEOHV ë
DQG êï ,QWXLWLYHO\ñ DV | LQFUHDVHV WKH WUDFNLQJ HUURU GHFUHDVHV
ZKLOH WKH DPRXQW RI PDQHXYHULQJ SURSHOODQW LV UHGXFHGï ,Q
DGGLWLRQñ WKH DPRXQW RI SURSHOODQW XVHG WR PDLQWDLQ WKH WUDð
MHFWRULHV RI WKH VDWHOOLWHV ZLWK LQFOLQDWLRQ GLmHUHQFHV LK KLJKHU
WKDQ WKDW UHTXLUHG IRU WKH VDWHOOLWHV ZLWK DVFHQGLQJ QRGH GLIð
IHUHQFHVï
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7DEOH ëã c9 SHU GD\ IRU 'LmHUHQW | DQG t

)LQDOO\ñ WKH LQLWLDO FRQGLWLRQV RI WZR VDWHOOLWHV DUH GLVSODFHG
IURP WKHLU GHVLUHG SRVLWLRQV E\ SODFLQJ WKHP LQ WKH VDPH FLUð
FXODU RUELW DW WKH OHDGHUñ EXW ZLWK D SKDVH GLmHUHQFH WR SXW
RQH DSSUR[LPDWHO\ WZR DQG D KDOI NLORPHWHUV DKHDG RI WKH
OHDGHU DQG RQH WKH VDPH GLVWDQFH EHKLQGï 7KH FRQWURO ODZ LV
WXUQHG DSSOLHG DQG ERWK PRYH WRZDUG WKHLU GHVLUHG WUDMHFWRð
ULHV LQ WKH IRUPDWLRQï $ WKUHH GLPHQVLRQDO SORW RI WKH PRWLRQ
LV VKRZQ LQ )LJXUH äï

-3 -2 -1 0 1 2 3

-1

0

1
-0.5

0

0.5

Along Track (km)
Cross Track (km)

R
a
d
ia

l

)LJXUH äã 2mVHW ,QLWLDO &RQGLWLRQ 0RWLRQ

è &RQFOXVLRQV

,Q WKLV SDSHUñ D IHHGEDFN FRQWURO VWUDWHJ\ IRU IRUPDWLRQNHHSð
LQJ RI D SURMHFWHG FLUFXODU IRUPDWLRQ RI VDWHOOLWHV ZDV HYDOXDWHG
EDVHG RQ LWV DELOLW\ WR PDLQWDLQ D GHVLUHG IRUPDWLRQ LQ WKH
SUHVHQFH RI HDUWK JUDYLW\ SHUWXUEDWLRQVï $ VLPSOH GLVFUHWHð
WLPH OLQHDU TXDGUDWLF UHJXODWRU SURYLGHG ERXQGHG HUURU IRU
WKH VDWHOOLWH IRUPDWLRQï 6LPXODWLRQV SURYLGHG D EDVHOLQH RQ
WKH DPRXQW RI IRUPDWLRQNHHSLQJ SURSHOODQW WKDW ZRXOG EH UHð
TXLUHG WR PDLQWDLQ WKH IRUPDWLRQï
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